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( ) [ ,
, .
Voiculescu Wigner [19]. ,
.
– , Cayley
random walk , .
‘
$G$ $\{g_{1}, g_{2}, \ldots\}$ . $g_{i}.\text{ }$ $2$
3 . $l^{1}(G\tilde{)}$ convolution
$f*g(x):= \sum_{y\in G}f(y)g(y^{-}1x)$
involution $f(x):=\overline{f(.x^{-1})}^{\text{ } _{ } }*- \text{ }-\cdot$
.
*- $\ell^{1}(G)$ *-
$(\pi, \mathcal{H}_{\pi})$ – . $\ell^{1}(G)$ \mbox{\boldmath $\pi$} closure $C_{\pi}^{*}(G)$ $\mathrm{c}*$ - . $C_{\pi}^{*}(G)$
\mbox{\boldmath $\phi$} \mbox{\boldmath $\phi$}(f*f) $\geq 0,$ $\phi(e)--1$ ( $e$ ) state .




. $\phi(X_{k}^{m})$ $m$ moment , – \mu k
$\mu_{k}$ state \mbox{\boldmath $\phi$} XO . $X_{k}$
$X_{k}= \int_{\mathrm{R}}\lambda dE_{\lambda}$




. .. $\cdot$ ..
. moment , moment –
\mu t‘‘‘-- , \mu k(d\mbox{\boldmath $\lambda$}) $=\phi(dE_{\lambda})$ . $X_{k}\text{ }$
.
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, $X_{k}$ $0$ 1 (











state \mbox{\boldmath $\phi$} , $\dot{\not\in}$ g\in G
$\phi(g)=1$ . ($g–$ ), $=0$ ($g\neq$ )
. $\phi$ $X_{k}$ Xk
$\overline{X}_{n}$ $=$ $\frac{1}{\sqrt{2n}}(g_{1}+g_{1}^{-1}+\cdots+gn+g_{n}^{-1})$
( $=$ $\frac{1}{\sqrt{n}}(g_{1}+\cdots+g_{n})$ , $g_{i}$ 2 )
. $G$ Cayley random walk
. .
(1) $G$ free Abel $\{\overline{X}_{k}\}$ Gauss
$\frac{1}{\sqrt{2\pi}}e^{-\frac{1}{2}x^{2}}dx$
.
(2) $G$ free $F_{\infty}$ $\{\overline{X}_{k}\}$ Wigner
$\frac{1}{2\pi}x_{1-2,2}](X)\sqrt{4-x^{2}}dX$
$-$
. ( 2 [15] .)
(3) $G$ $6_{\infty}$ $\{$ (12), (23), (34), $\ldots\}$ Gauss ,
$\{$ (12), (13), (14), $\ldots\}$ $[2][7]$ .
– [7].
Assumption 2.1. $G$ $\{g_{1}, g_{2}, \ldots\}$ m ima
( $\{g_{*}.\}$ $G$ )
$\langle$ . , “closed walk ”
$g_{i_{1}}^{\epsilon_{1}}\cdots g_{i_{m}^{m}}^{\epsilon}=e$, $\epsilon_{i}=\pm 1$
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(1) $M_{2m+1}=0$ , $m=0,1,2,$ $\ldots$ ,
(2) $M_{2m} \leq\frac{1}{2^{m}}\neq Pal_{c}(2m, m)$ .
$Pal_{G}(2m, m)$
Palc$(2m,m)$ $:=$ $\{(g_{i_{1}}^{\epsilon_{1}}, \ldots,g_{*_{2m}}^{\epsilon_{2m}}.)|$
$g_{*_{1}}.g_{i_{2}}\epsilon_{1}\ldots\epsilon_{2m,m}=e,$ $\#\{g_{i_{\mathrm{p}}}\}=m\}/\mathfrak{S}_{\infty}$
, \mbox{\boldmath $\sigma$}\in S\infty
$\sigma(g_{i_{1}’\ldots,g)=}^{\epsilon\epsilon}1i_{2}2mm(g^{\epsilon_{1}}\sigma(i1)’\ldots, g\sigma(i_{2}m))\epsilon_{2}m$
. (1) . (2) $2m$ moment
$2m$ $m$ pair (pair partition) closed walk ”




Theorem 2.3. $g_{1},g_{2},$ $\ldots$ symmetric ( $g_{i_{1}g_{i_{m}}}^{\epsilon_{1}\ldots\epsilon}m=e$ $g_{\sigma(i_{1}}^{\epsilon_{1}}$ ) $\ldots g^{\epsilon}\sigma(m|\text{ ^{}=e}$




free closed walk closed walk
, Gauss moment pair partition
.




,Wigner in moment $\leq M_{m}^{\wedge}\leq \mathrm{G}\mathrm{a}\mathrm{u}\mathrm{s}\mathrm{s}$ $\vee m\text{ }$ moment










Remark minimal pair partition moment
, minimal –
. , $\text{ }.\text{ }$. – C* $(A, \phi)$ [1].
$\{a_{j}\}\in A$ state $\phi$ singleton condition , $a_{j1}^{\epsilon_{1}}\cdots.a_{j_{m}^{m}}^{\epsilon}$




3. Anisotoropic random walks on free groups
, $G$ $.\{g_{1},.g_{2}, \ldots, g_{\pi}\}$ free $F_{\pi}$ ,
2 state . .
$\cdot$ .
(i) $g\in p_{\infty}$ $\varphi_{\text{ }}(g)=a^{1}g|$ $(0\leq a\leq 1)$ , $|g|$ $g$ $\{g:\}$
( . $g=aa^{-1}ab^{10-1}bab^{3}9b^{4}=$
$ab^{9}a^{9}d^{T}$ $|g|=$ 1+9+9+7). Haagerup $C_{\pi}^{*}(F_{\infty})$
state [6].
(ii) $g\in F_{\pi}$ $\psi_{\pi}(g)=(1+\frac{\pi-1}{\pi}|g|)/(\sqrt{2n-1})^{|g|}$ . free 1
$C_{\pi}^{*}(F_{n})$ state [4].
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$X_{k}\text{ }\varphi_{a}$ , $\psi_{n}$ $\mathrm{Y}_{k}$ , $Z_{k}$ $(k\leq n)$ : $.\cdot\sim$
$\mathrm{Y}_{k}:=\frac{X_{k}-2ak}{\mathrm{i}2k(1\mapsto_{-}a^{2})}$ ,
tree $\tau_{X}$ random walk $\mathrm{E}$ .
pair partition moment , 2 pair partition
moment . , . ( Remark .)
moment [8].
Theorem 3.1. Ylkk state \mbox{\boldmath $\varphi$}a $\mu_{a,k}$ . $karrow\infty$ $a\approx A(2k)^{\alpha}$ .
(i) $\alpha<-1/2$ $d\mu_{a,k^{\text{ }}}$ Wigner :
$\lim_{karrow\infty}d\mu_{\text{ },k}(X)=\frac{1}{2\pi}x1-2,2](X)\sqrt{4-x^{2}}d_{X}$.
(ii) $\alpha=-1/2$ $0\leq A\leq 1$ $d\mu_{\text{ },k}$ $A$ \mu A
(Figure $A$) :
$\lim_{karrow\infty}d\mu_{\text{ },k}(x)=d\mu A=\frac{1}{2\pi}\chi 1^{-2A,2-A}-1(X)\frac{\sqrt{(2+A+x)(2-A-x)}}{1-Ax}dx$ .
(ii) .
(1) $\mu 0$ Wigner Voiculescu free entropy maximize $\mathrm{R}$
, \mu 1 free entropy maximize R+ (Ullman
$\text{ ^{ }-}\text{ })$ [9].
(2) (ii) 1- free poisson \mbox{\boldmath $\pi$}\beta







Theorem 3.2. $Z_{k}(k\leq n)$ state \psi n $\nu_{n,k}$ . $karrow\infty$ $n\approx B^{2}k^{\beta}$
.
(i) $\beta>1$ $d\nu_{\pi,k^{\text{ }}}$ Wigner :
$\lim_{karrow\infty}d\nu_{n,k}(x)-=\frac{1}{2\pi}x_{1-}2,2](X)\sqrt{4-x^{2}}dx$ .
(ii) $\beta=1$ $B>1$ $d\nu_{n,k}$ B \nu B
(Figure $B$ ) :
$\lim_{karrow\infty}d\nu_{n,k}(_{X})=\frac{1}{2\pi}x1-2-\frac{2}{B},2-\frac{2}{B}1(X)\frac{(B^{2}-1)\sqrt{(2+\frac{2}{B}+X)(2-\frac{2}{B}-X)}}{(B-\frac{1}{B}-x)^{2}}d_{X}$ .
(ii) $B\searrow 1$ \mbox{\boldmath $\delta$}o , $Barrow\infty$ Wigner .
.
\mbox{\boldmath $\varphi$} (Ykl) .
(1) $\mathrm{Y}_{k}^{l}$ , r $N(l, r)$ . $N(\mathrm{O}, 0)=$
.. . 1, $l<r$ $r<0$ $N(l,.r)=0-$ .
(2)




, $N(1,1)=2k,$ $N(1,0)=0$ .
(4) $S,$ $D$ : $\mathrm{C}[w]arrow \mathrm{C}[w]$
$D[1]=0,$ $D[w^{\iota}]=wl-1,$ $S[w^{l}]=w^{l+1}$
.
$f_{l}(w)= \frac{2k}{2k-1}[(2k-1)S+D]1[1]$ $(l>0)$ ,
$f_{0}(w)=1$
.
(5) “ 2 ” .
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$\int_{\mathrm{R}}.e^{itx}d\mu A(_{X})=e-itA\sum_{m=0}\frac{(it)^{m}}{m!}\infty p+p\geq q\sum q--mC_{p,q}A^{p-q}$
$= \sum_{r=0}^{\infty}(iA)’.(\sqrt r(2t)+\sqrt r+2(2t))$
Bessel , Fourier Theorem3.1 .
$\psi_{n}$ ,




Remark Haagerup state ,
[1]. pair partition moment ,
singleton $\mathrm{A}^{\mathrm{a}}f-.’$ . Haagerup state
cancelation singleton ( $g_{1}g2g^{-1}1$ $g_{2}$ )
, pair partition ( no.n-crossing pair partition) cancelation
singleton moment .
moment , mo.m.ent .
,
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